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Abstract. This paper deals with the problem of determining the time dependent
thermal diffusivity coefficient of a medium when the evolution of the temperature in
a part of it is known. Such situations arise in contexts of food technology, when used
thermal processes at high pressures for extending the shelf life of the food, in order to
preserve its nutritional and organoleptic properties (see [5] and [13]).

The phenomenon is modeled by the heat equation involving a term which depends
on the source temperature and pressure increase, and appropriate initial and boundary
conditions.

We study the inverse problem of determining time dependent thermal diffusivities,
when some temperature measurements at the border and inside the medium are
known. We prove the uniqueness of the inverse problem solution under suitable a
priori assumptions on regularity, size and growth of k.
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1. Introduction

Physical processes that combine high pressure with moderate temperatures can be
modeled (see, for example, [5] and [13]) by equations with different physical parameters
whose values, although often known for atmospheric pressure, are to be determined
for arbitrary values of pressure. In this work thermal conductivity will be assumed
to depend only on pressure, k = k(P). This hypothesis is suitable, for example, in
processes in which the temperature range is moderate and there is no phase change. We
study the problem of identifying k(P) from certain experimental measurements of the
temperature. These measurements correspond to an experiment in which the pressure
curve P is an strictly increasing function. Therefore, the problem of identifying k(P) is
equivalent to identify k() = k(P(t)). The aim is to determine suitable conditions and
measurements under which the uniqueness of function k can be guaranteed.

When a cylindrical domain € is considered, under suitable conditions (see [15]) a
one—dimensional radial model can be a good approximation of the model. Then, the
model can be written in cartesian coordinates (for convenience in this paper) as

oT
Fr k(t)AT = aP'(t)T in Bg x (0,t)
aT

K(t)so = h(T(6)=T)  on 9B x (0,1) (1)

T="1T, on Bg x {0},
where R > 0, t; > 0, Br(0) C R? is a disk with radius R and centre (0,0), OBg is its
boundary. Furthermore, a = @ with & > 0 is the coefficient of thermal expansion,

%

p > 0 the density and C, > 0 thepspeciﬁc heat; P € C*([0,t¢]) is the pressure at time t;
k(t) > ko > 0 is the thermal diffusivity; 7 is the external temperature; n is the outward
unit normal vector at the boundary of Bg; h > 0 is a heat exchange coefficient and Tj
is the initial temperature (assumed to be constant, for the sake of simplicity). Details
about this kind of models and the units of all the parameters and functions can be seen
in [5] and [13].

The main goal is to know in how many points do we need to know the temperature
in order to get a unique possible function k(t), when we only know, a priori, the
value of k(0), which correspond to the thermal diffusivity at atmospheric pressure.
Furthermore, it is also of interest to know if there is a mathematical way of choosing
the best points to make the temperature measurements.

Previous works have dealt with the problem of diffusion coefficient identification in
parabolic equations but, to the best of our knowledge, only a few of them consider the
case of time dependent coefficients and all the others study the case of space dependent
coefficients.

Regarding the identification of time dependent diffusion coefficients, in [7] the
author studies the influence of the lower—order terms in a one dimensional parabolic
equation on the possibility of unique determination of the time—depending leading
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coefficient, using the initial condition, the Dirichlet boundary condition and the flux
in one end of the interval defining the space domain.

In [8] a similar problem for the one dimensional heat equation is studied, when
there is no lower—order terms and the degeneration condition k(0) = 0 is satisfied. As
in the previous case, the initial condition, the Dirichlet boundary condition and the flux
in one end of the interval defining the space domain are supposed to be known.

In [6] the authors study the identification of the thermal diffusivity k(t) for
the one dimensional heat equation in the case of non local boundary and integral
overdetermination conditions. Under some assumptions on the data they provide a
theorem about the existence and uniqueness for the identification of k(¢) and propose a
numerical method for its computation, when data are given without error.

Regarding the inverse problem of the identification of space dependent diffusion
coefficients, in [9] the author study the unique solvability of the inverse problem in a
one dimensional non homogeneous parabolic equation under homogeneous Dirichlet and
initial conditions and an additional condition of integral overdetermination with respect
to time.

In Chapter 3 of [2] the leading coefficient of the one dimensional heat equation
appears in divergence form and the corresponding identification problem is solved by
using the quasi—inversion method, assuming that the initial condition and Dirichlet
boundary conditions are known, together with the flux in one of the ends of the space
interval, for a certain time interval.

In [4] authors use the enclosure method (see [3]) to study a problem of reconstruction
of inclusions (parts of the spatial domain with conductivity values different from a known
reference value) in a three dimensional heat conductive body, when the temperature and
the heat flux are known on the boundary for a finite time interval. They determine the
minimum radius of the open ball centered at a given point that contains the inclusions.

One can also find in the literature the solution of the problem of identification
of an space dependent lower—term coefficient (see [11]) or a time dependent coefficient
multiplying the time derivative of the solution of the direct problem (see [10]).

The main result of this work is Theorem 20, which shows that, under suitable a
priori assumptions on regularity, size and growth of k(¢), the inverse problem of the
identification of k(t) in boundary value problem (1) has a unique solution, when the
value of the temperature is known at » = R and r = ry, with 0 < ry < R. The proof
of this theorem uses the result in Theorem 12, which provides an integral expression
for the temperature at an arbitrary radius r in terms of the temperature at radius R.
Furthermore, it is shown that, together with » = R, the central point ry = 0 is the best
point to do the measurements in order to use them to identify k(t), since the a priori
estimates needed for this case are less restrictive.
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2. Direct problem. Qualitative Analysis

Let X = {¢ € C*'(Bg x (0,t)) NC"°(Bg x [0,])}, where C**(A, B) denotes the set
of functions ¢ : A x B — R with a continuous derivatives in A and b continuous
derivatives in B. The following result holds

Theorem 1 Suppose that k and T¢ are Lipschitz continuous functions in [0, t;], P is
Hélder continuous in [0, t¢] and compatibility condition

Te(O) — TO
holds. Then Problem (1) has a unique (classical) solution T € X. Moreover, T is a
radial function.

Proof. The existence, uniqueness and regularity of solution can be seen in [12,
Theorem 5.18]. It is straightforward to show that the solution is radial. a
By means of the changes of variable
u(x,t) = T(x,t)e>PO=-P) (2)
and
v(x,t) = u(z,t) — To, (3)
we can rewrite Problem (1) as
% —k(t)Av =0 in Bg x (0, tg)
k(t)g—:l — h(f(t) =Ty —v) on dBr x (0, ) (4)
v=20 on Bg x {0},

where
f(t)=1T¢(t) e(P0)=P(1))

Remark 2 The solution v of Problem (4) lies in X and is a radial function.
Nevertheless, we still work with cartesian coordinates, because we are going to express
the solution as the composition of certain functions with translations. Since translations
are not radial functions, they have not a simple representation in polar coordinates.

The formal adjoint of the operator used in (4)
d¢

£@) = 2 k)
is given by (see, e. g., [16, pag. 170])
9,
£(6) = 52~ k)2,

Both operators are related by means of the following easy—to—prove result:
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Proposition 3 (Lagrange Identity) For every ¢, € X we have
| [ @ —ocwpis = o0, [ (ot tvtat) - ofe.00iw,0) dr

Br

[ 9, ;0¥
/Ok(t)/aBR <an¢ %n) dadt.

Notation For any function v € X we denote by v : [0, R] x [0,27[x[0,tf] — R the
function defined as

o(r,0,t) = v(rcosf,rsind,t).
If v is radial we write o(r,t).

Corollary 4 If v € X 1is the solution of Problem (}), for every w € X satisfying the
final condition

w('r?tf) = Oa VS BPu (5)

/Otf /BR L (w) vdxdt = h/otf (f(t) = T(R,t) — Tp) /aBRwdxdt
- [ rontr [ G v

Proof. It suffices to apply Propositién 3, by taking ¢ = v, the solution of Problem (4)
and ¢ = w € X satisfying (5). O
Next proposition provides a comparison principle for Problem (4).

we have

(6)

Proposition 5 (Comparison Principle) Let vy,vy € X satisfying

£<U1) S ,C(UQ) m BR X (O,tf)

k:(t)%—khv < k;(t)%—khv on OBr x (0, )
on b= on 2 i o

1 S V2 on BR X {O}

Then
vi(z,t) < vyla,t), (x,t) € Br % [0, ).

Proof. Function vy = v; — vy satisfies

£<U0) <0 in BR X (O,tf)
/{Z(t)% + hUO <0 on 8BR X (O,tf)
1o <0 on Bgr x {0}.

Applying the Strong Maximum Principle (cf. [14, Theorem 7)), if function vy attains
a positive maximum at a point ) then ) € 0Bg x (0,t;) and

81}0

which leads to the contradiction

K@) + (@) > 0.

Consequently vy < 0 in By x [0, t¢]. a
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3. Expression of the solution in terms of its values on the boundary

In this section we find an integral representation of the solution of Problem (4) in terms
of its values on 0Bpr (these values will be supposed to be known data, obtained by
experimental measurements). As a first step, we calculate the fundamental solution of
operator £* (in the sense of Proposition 7). In order to find it, we use the well-known
expression of the fundamental solution of operator £ for the case k(t) =1

H(t) _12
§($7t> - 47Tt € 4 9 (7)
where H is the Heaviside function

1
H(t) = , t>0
0, t<0.

Given y € By and 7 € (0, ), we define the function w : R*> x R — R given by

w($7t;y,7') :g(l'—y, K(t) _K<T>>7 (8)
being

te
K(s) = / k(z)dz,
where function k is supposed to be continuously extended by a constant to the whole R.

Lemma 6 For every y € Bg and 7 € (0,1¢), functions & and w defined by (7) and (8),
respectively, satisfy:

a) § € C¥((R? x R)\{(0,0)}). Thus, w € C*((R* x R)\{(y,7)}).
b) / E(x —y,s)de = H(s) for all s € R.
R2
¢) Function w is locally integrable in R? x R, 1. e., w € L (R? x R).

loc
d) £(x —y,s) = 6(x —y) as s — 07 in D'(R?) (the space of distributions on R?).
e) For each x € R? and t € R with t < T we have L*(w(z,t;y,7)) = 0.
Proof.

a) Obviously, ¢ is a C* function at least on the whole space R?® except in the plane
t = 0. Moreover, ¢ is a continuous function in (z,0) for x # 0, since
1 _ (e|=1)?

T e Tl —0 as (zp,t,) — (z,0).

Similar arguments lead to prove the same result for higher order derivatives. In fact,

0 < &(zy,t,) <

¢ is a discontinuous function at the origin (0, 0); indeed,

e 4

lim &(x, |2*) = lim

= 0.
|z|—0 r—0+ 472

Consequently, the injectivity of function K implies that w has no more singularities
than the points (x,t) such that

(z —y, K(t) — K(7)) = (0,0),
i. e., point (y, 7).
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b) It is easy to prove by doing simple integral computations with the change of variable
r =1y + (rcosf,rsinb). (9)

c¢) For an open bounded subset 2 of R? x R we consider a set R? x [a,b] D Q. Then,
from b), we have

/|thy, \dxdt<// w(z, t;y, 7)dxdt = /H K(7))dt <b— a.
R2

) For every s > 0 and ¢ € D = D(R?) (the space of functions in C*°(R) with compact
support), denoting by D’ = D’(R?) and using b), we have

(E(x—y,s),@)pxp=¢ /Sx—y,
S(w—y, s)(p(x) — p(y))dx

t/gx—% o(z) — o(y))da.

Now, if L = [|¢'||c®2), change of variable (9) and integration by parts lead to

L s—y
£lo =9 5)(6@) = o)) < 7= [ T oyl

RQ
e 2) 2 00
:—L/ (——Te 4s)rdr:2L\/§/ e
0 4s 0
=Ly/m/s =0 as s = 0%,

e) For every x € R? and t < T

Bw kOw(e iy r) (e —yP
ar W hYT) = K(t) — K(7) (1 4(K(t)—K(T)))
and, for i =1, 2,
ow . B Ti — Y )
or T = G — K T

_wx ) = — ( ty ) _ (Z yZ)
52 (T 4:T) 2(K(t)—K(T))( 2(K(t)—K(T>))’

(2

which concludes the result by adding and comparing the above terms suitably. O

Proposition 7 (Fundamental solution of operador L£*) Given y € Bg and T €
(0,t¢), function w: R* x R — R defined in (8) satisfies

L (w(w,t;y,7)) = 6(x —y,t —7) in D'(R* X R).
Proof. We have to prove that
6

= (p(y, T) (: <(5(ZL‘ —Y,t— T)? 90(1‘7 t>>D’><D)7
for every ¢ € D = D(R? x R), where D’ = D'(R? x R).

D' xD
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Since w(z, t;y,7) = 0 if t > 7, taking into account Lemma 6.c), we have

I = <w(x,t;y,7'), %—f(m,t)>pl N — (k()w(z, t;y,7), Ap(r, 1)) prop

_ /oo /sz(x,t;ym) @—f(x,t) _ k(t)Agp($,t)) dvdt

= lim . / w(z, t;y,T) (aa—f(x,t) - k:(t)Agp(a:,t)) dxdt.
R2

e—=0t J_

Integrating by parts, Lemma 6.e) allows to write

I = lim (wlz, t;y,7)p(x, ) Z77) do

= EEI(%- . x—y,K(t—¢)— K(7))p(z,7)dr
+lim | g =y K(7 =) = K(0) (el 7 = 2) = pl2,7))) o

Denoting by L = H%—f Lemma 6.b) guarantees

leggay:

§r -y, K(r—¢) = K(7)) (o(z,7 — &) = p(z,7)) dx

R2
<L &x—y K(t—¢) = K(7)) dx
R2
=LeH(K(t—¢)— K(1))=Le -0 as ¢ » 0.
Finally, the result follows from Lemma 6.d). O

The fundamental solution w of operator L£* satisfies (5). Although w does not
belong to space X, we prove that it can be approximated by functions in X satisfying
equation (6). A technical result is previously stated.

Lemma 8 Let Q be a bounded open subset of RN and f € CP(2) N L*(Q),p € NU{0}.
Then, for each open set w strongly contained in 0 (this is, W C 1), there ezists a
sequence { fs}s C D(S2) such that:

a) {fs}s strongly converges to f in L*(Q).
b) {D*fs}s uniformly converges to D*f in C(w) for |a| < p.

Proof. Let {f;}s C D(Q) be a sequence strongly convergent to f in L*(2) (this
sequence exists since D(Q) is a dense subset of L*(Q); see [1]) and {fs}s € C®(@) be
a sequence satisfying that the sequences of the derivatives of order less or equal than p
converge uniformly to the corresponding derivatives of f in w (Weierstrass Theorem).

Next, for d = dist(w, 9Q2) > 0, by choosing § < %l, the 0—neighborhood ws of w (i.e.,

the set of points which lie at a distance from w smaller than 0) is strongly contained in
Q). For the same choice of § we consider fs satisfying

B ]Eg in w
f5 a ﬁ; n Q\w(;,
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and defined in ws\w in order to be uniformly bounded in § and such that f5 € C>(1Q).
The sequence { fs}s C D(Q) satisfies b). The part a) follows from

[ 1) - QM—[QJM@—ﬂ@Wx
+[Wmm> D+ [ (o) - f(o)Pds

taking into account that the three terms on the right hand side tend to 0 as 6 — 0. O

Now, we are ready to find a representation of the solution of Problem (4) in terms
of its values on the boundary.

Proposition 9 The solution of Problem (4) can be expressed, for (y,7) € Br x [0,1],

as
s /f — (R, 1) - To / o~ TROZKEY drdt
. ) K(T 9Bg

z—y2
/ _k)u(RY) / O (e dieor ) dudt.
K OBR an

Proof. For the sake of simplicity we write w(x, t) (or even w) instead of w(x,t;y, 7).
The key of the proof is, given (y,7) € Bg x (0,t), to get a sequence {w.}. C X of
functions satisfying (5) and such that

lim/ / *(we) vdzdt = v(y, 1) (11)
e—0 Br

and, then, to apply Corollary 4. First of all, we consider
min{ R — ||y||, 7, ts — 7}

2
and, for 0 < € < €*, the cylinder

Q- = B-(y) X (T —e,7+¢).

With this choice, if 0 < &1 < g5 < &* then Q,, C Q., C Bg x (0,¢). For each ¢ € (0,*)
we consider a function 7. € C*°(R? x R) satisfying

(10)

*_

0, (x,t) € @%
ne(z,t) = ¢ €[0,1], (2,t) € Q\Q:
L, (z,t) & Qe

and function w.(z,t) = n.(z,t)w(x,t). It is clear that w. € X and satisfies (5). Then,
since w, is equal to w in a neighborhood of 0By (and, thus, also their normal derivatives
coincide), Corollary 4 implies that

/Otf /BR L*(w,) vdwdt = h/otf (f(t) —T(R,t) — Tp) /aBRw(%t) dudt
[ [

OBr an

(12)
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Since

equality (12) becomes

t T — 2
/f/ L*(w,) vdxdt = b 71 — vt — Ty / o TROAKEY ddt
o JBn 4 ( ) - (T) 9Bx

0 ey
NUOEC)) )
4#/ K /83R n (e )dxdt

Then, in order to obtain (10), it sufﬁces to prove equality (11). Lemma 8 for f = v,
Q= Brx(0,t) and w = Q.+, ensures the existence of a sequence {vs}s C D(Bgx (0, t))
strongly convergent to v in L?(Bg x (0,t¢)) and uniformly in @Q_.; moreover, sequence
{L(vs5)}s C C(Bg x (0,t)) converges uniformly to £(v) = 0 in Q... In particular,

limvs(y, 7) = v(y, 7) (13)
6—0
and there exists a constant C' > 0 (independent of §) such that
1£(vs)lleg..) < C (14)
for all § > 0. Since E*(wg) € L?(Bg x (0,t)),

te
lim L*(we) vdxdt = lim hm/ / L (w,) vsdxdt.
Br

e—0 Bg e—06—0

Thus, the proof is over if we show that

llm / / “(we) vsdxdt = v(y, 7),
—(0,0) Br

For this end, for each o > 0 we look for 0y = dp(c) > 0 and £y = £¢(0) > 0 such that

te
/ / L (we) vsdxdt —v(y,7)| < o
0o JBg

for every 0 < 0 < g and 0 < € < gp. Triangular inequality leads to

te 143
/ / L*(we) vsdxdt — v(y, 7)| < / / L (we) vsdxdt — vs(y, T)
0 Br 0 Br

+ |'U§(y, 7_) - U(y7 T)l :
In order to estimate the first term of the right hand side of (15) we note that for every
p €C(Br x ( Otf Jand 0 < & < e,

(15)

godxdt' ’/ —Dwe d:vdt‘ |w| || dxdt
: @ (16)
<llelle | Iwldrdt < 2l

BR
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where the last inequality has been obtained from Lemma 6.c). Next, choosing ¢ = L(vs)
in (16) and denoting D = D(Bg x (0,t¢)) and D' = D'(Bg x (0, t¢)), Proposition 7 allows
to Write

“(we) vsdxdt — vs(y, T *(we) vsdrxdt — (L*(w), vs)prxp

BR BR

L(vs) dxdt’ < 70

BR oLp

with constant C' given in (14). Hence, the choice

-

ensures that

L (we) vsdxdt — vs(y, 7)| <

o
Br 2
for all € € (0,¢p).

For the second term of the right hand side of (15), puntual convergence (13)
guarantees the existence of 9y > 0 such that

sy, 7) — v(y, 7)| < =

2
for all 6 € (0, dy).
Finally, formula (10) is also valid, in an obvious way, for ¢ = 0 and extends by
continuity at ¢t = t;. O

Remark 10 Given x € 0Bpg, function y — eclm=v* defined in Bpg, is not radial.
Nevertheless the following function, also defined in Bpg, is radial:

Yy — e~cle=ul® gy
OBr
Therefore, the function given in (10) is radial (although it does not look so).

Next, we write the solution of Problem (4) in polar coordinates:

Corollary 11 Denoting by

1
— P2 _ 2 - -
v(r,0) = R* —2Rrcos0 +r° and g(t,7) Ko —K@
the solution of Problem (4) satisfies:
h t 2m T, (t,7
ort) = / () = a(R.7) = Tglt.) [ e doar
ar J, 0
t ov "R —rcosh Da(t.r)
R R, ST TCOSP atntaen) gy
+ o or ) /0 W00 '

forr €[0,R) and t € [O,tf].
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Proof. For (r,t) € [0, R) x [0,t] given, we choose z = (r,0) € R?. By changing the
roles of t with 7 and x with y, from Proposition 9 we have

h [! _lz—y2e(tm)
vat) = o [ () = oR) = Tog(e) [ e dyar
47 0 O0BRr
1 [t _ 0 [ _le—uetn)
) k(T)u(R,T)g(t,T) /BBR n (e > dydr.

Then, for all y = (Rcosf, Rsinf) € 0Bg,
|z —y|* = R* — 2Rrcos® +1r* = v(r,0),
which leads to

27
_le—y|2g(t.7) _2(r,8)g(t,7)
/ e 4 dy = R/ e 4 do
9B 0

by means of the change of variable y = (R cos, Rsin#). Moreover,

z—y|“g(t,T 2 p2— pr COS r2 g(t, T
/ g(eH))d_R/ £(€<2 40+)()) "
= ——/ —rcosf)g(t, T)e_% do
Now, by taking into account that
99 K'(r) )
(1) =— =k t
87'< 77-) (K(T) _ K(t))Q <T>g < 77-)
we can write
h t 2 ~y(r,0)g(t, T
e R R O A
7T 0
R K 2 _a(r0)g t, T
+ 8_ (R, T)k(T)gQ(t,T)/ (R—rcosf)e” HBIED 0 4
@ 0
h 2m r,0)g(t, T
o (f (7) = (R, 7) — Ty)g(t, 7) / e~ dgdr
ar J 0
R (™ R—rcosf [* 0, _acogen
~ oo —— | U(R,7)z=(e 1+ " )drdo.
ot /0 ’Y(’f’, 9) /0 U( >T> 87'( ) T

The result holds integrating by parts with respect to 7 in the second term of the right
hand side of the last expression. O
The main result of this section, related to Problem (1), can be stated as follows:

Theorem 12 Denoting by
m(t) =T(R,t) and Q(t,) = X PO-PM)
the solution of Problem (1) can be expressed as

T et o)

T(r,t) = ToQ(t,0) + f: / (T%(r) — m()) Q(t, T)g(t, ) / e dodr

0
¢ R —rcosh  eoan

+£ (m’(T)—am(T)P’(T))Q(t,T)/ We_ 1 dfdr

2m 0
forr € [0,R) and t € [0, te].
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Proof. From Corollary 11, undoing the change of variable (3), we obtain

_ _ Rh _ 2T st
u(r,t) =Ty +0(r,t) =To + y (f(T) —u(R,7))g(t,7) e - dldr
T Jo 0
L ou TR —71cosf _arotn OYUES
— _ dbd
+ ar —(R, 7')/0 S 0) e T.
The result follows undoing the change of variable (2), taking into account that
OU () = - (m(r)ePOP) = (i (7) — P (r)am(1)Q(0,7)

or or

and

Q(t> O)Q(07 T) = Q(t’ T)'

Remark 13 Although function g satisfies

lim g(t, 7) = I L.
1mg T —Tlg%m—oo,

the integrands in Theorem 12 are well defined; more precisely, since r < R then
v(r,0) # 0 and, therefore, both integrands vanish in 7 = t.

4. Uniqueness of solution for the inverse problem

In this section we deal with the uniqueness of solution for the inverse problem, and it
is proved that, under suitable assumptions, function k is uniquely determined by the
values that function T takes at R and at any other point o € [0, R).

It is noteworthy that this does not always happen. For example, when the ambient
temperature evolves according to

Te(t) = TyeoPO-PO)
T(t) = T(t) itself is a solution of the direct problem (1) for any function k.

In order to get the uniqueness of solution of the problem of identifying the thermal
diffusivity, we work under the following assumptions:

(H1) T¢(t) =Ty for all t € [0, t].
(H2) P is a linear function in [0, ¢] with P' = 3 > 0.

Remark 14 These assumptions do not impose any restriction on the problem of
identifying k, but on the experiment in which measurements are obtained.

Remark 15 Under assumptions (H1) and (H2), the solution of Problem (1) can be
written as

Rh

2m 0)g(t,T

T(r.t) = THQ(1.0) + /(n— (DQ@ﬂmuﬂA e dgdr
R [ "R —7rcosf )(t.)

+ o ), (m/(1) — apm(1)) Q(t, 7')/0 T e dodr

(see Theorem 12).
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Comparison Principle allows to prove the following auxiliary results:

Lemma 16 Under assumptions (H1) and (H2), if k is a Lipschitz continuous function
in [0, te] with k > ko > 0, then

To < T(x,t) < TpeFO=FO) (17)
for every (z,t) € Br x [0,t]. Moreover, for each t* € (0,t;) there exists 7" € (0,t*)
such that Ty < m(7%).

Proof. By using changes of variable (2) and (3), inequality (17) becomes
f@t) =Ty <ov(x,t) <0, (18)

which arises directly from Comparison Principle in Proposition 5.

In order to prove the final state, we suppose that there exists an interval (0,t*),
with 0 < t* < t¢, and such that m(t) = Tj for all t € (0,¢*). Thus, function 7" solves the
problem

%_f — k(t)AT = aP'(t)T in Bg x (0,t%)
oT

k(t)a—n =0 on 0Bg x (0,t*)

T = TO on BR X {0}

Uniqueness of solution of this problem (see, e. g., [14, Theorem 8)) forces T to coincide
on OBp x (0,t*) with the (unique) solution of this problem The®P®=F©) which satisfies
m(t) # Tp for all t > 0. O
Lemma 17 Under assumptions (H1) and (H2), if k € C'([0,¢]), k > ko > 0 and

f'() k(t)

K(t) < k(t) =T = Ozﬁeaﬁt ] (19)
fort € [0,t], then
o e1) —afT(a,1) <0 (20

for every (x,t) € B x [0,t;]. In particular,
m/(t) — afm(t) <0
fort € (0,t).

Proof. Again, using changes of variable (2) and (3), inequality (20) can be rewritten

as

ov
— t) <O0.
(w.t) <0

From (4), 8_: satisfies

0 (0ov v O K ov
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and
0 (0Ov v 6 k’
Furthermore, since v = 0 at ¢t = 0, from (4)
ov
Then V = v is a solution of
ot
% k' .
o T RAV =TV in Br x (0, )
kZ_V +hV =h (f — E(f To —v)) on 0Bg x (0, t¢)
V=0 on Bgr x {0}.
) 1 10v . .
Therefore, if ( = EV =T it satisfies
gi k?AC =0 in Bgr X (07tf)
h K
k%—{—hc— <f,—z(f—To—U)> on 8BR>< (O,tf)
¢=0 on Bp x {0}.
Inequality (19) will allow to prove that
h k'
z (f’—E(f—To—v)) <0, (x,t) € 0B x (0,t). (21)

With that aim we distinguish two cases: times ¢ such that &'(t) < 0 and times t such
that k() > 0.

1) If £/(t) < 0: From (18) f(t) — Ty — v(x,t) < 0. Inequality (21) is obtained by using
that

f'(t) = —aBTye Pt < 0.
2) If ¥/(t) > 0: From the last inequality in (18),

P o F D i~ — ) = (= EO e —
o (10 - 5w -1 = s (10 - L 0 - )
B
+k5(t v(x,
h !/ _/ _
< g FO0) = KO0 - T,

Inequality (19) and f(t) — Ty < 0 provide the required sign.

Once inequality (21) has been proven, the Comparison Principle showed in

Proposition 5 allows to conclude the result. a
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Remark 18 Lemma 17 is also true if & € WH>(0,¢) (cf. [1, Proposition IX.4, pag.
155]).

Remark 19 Assumption (19) on the growth of k supposes only a restriction on the
time intervals where k is an increasing function (in fact, it is automatically fulfilled by
constant or decreasing functions). In addition, since

) 1
AR e 1 T o0
such a condition does not suppose any restriction in k for short times. It is a prior:
information needed to identify the conductivity coefficient. This information means
that the coefficient k can not have abrupt changes, typical of the processes that produce
phase change, which does not occur in the cases motivating this work, as discussed in

the Introduction.

Let us suppose that there exist two different functions k; and ky which provide the
same measurement m(t) at the right end R and, moreover, the same measurement at
some interior point ry € [0, R).

We assume the following property for k; and ko: there exist ty € [0,#] and
t* € (to, t¢] such that

ki(t) = ko(t), t € 10,10
kl(t) > k‘g(t), t e (to,t*].

This implies that the above functions can not have oscillations as ¢ sin (%) around ¢t = 0.
A sufficient condition for this is that k; and ko be continuous and right locally analytic
functions.

Let us denote
R —rgcosf
0 N it
Y0(0) = (ro,0), ¥o(0) = (@)

g 1 1
K;(t) :/ ki(s)ds and x;(1) = = i=1,2.
t

Kilr) = Ka(#) /t* ki(S)als7

Since measurements at r = rq for k1(¢) and ko (t) are the same at any time, the expression
of the solution in Remark 15 at ¢ = ¢* leads to

t* 2 NG 21 (7
TOQ(t*,O)Jrf—:/ (To—m(T))Q(t*,T)xl(T)/ e dodr
0 0

t* 2

s [ @) —ammE) Qe [ ue)e S dpar
0
Rh t* 2 9127_
:TOQ(t*,O)JrE/O (T, — (T))Q(t*,T)xz(T)/ T

t*
+ QE (m/ (1) — afm(7)) Q(t*, T / o (0 -2 oy,
T
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Consequently,
t* 2T
0= 1y — m(r) Qe 1) / (21 —ap(r)e ™ Y agar - (22)
dr J, 0
R [V i 2m 0@ () @)
t oo [ ) = aBm(m) Q) [ wol0) (e < e  agar. (23)
2m Jo 0

We point out that x;(7) < xo(7) for 0 < 7 < t*. Moreover, since ze “* is a strictly

1
decreasing function for z > —, for the choice
c

2 2
. fyoiﬁ) _ R* —2Rrycos 0 + r§ 7 (24)

4

we have that

xl(T)e’cm(T) — :L'g(T)e’C“(T) >0

1
whenever x; > —. This condition is fulfilled if functions k; satisfy, for example,
c

ke R —1p)?
/ ki(s)ds < u <c i=1,2,
0 4
which should be interpreted as part of the a priori information that has to be known in
order to determine k uniquely.

C

Furthermore, since e~ with ¢ given in (24) is a decreasing function, we have that

6*0361(7') . e*CQSQ(T) > 0.
Now, hypothesis (H1) and (H2), and Lemmas 16 and 17, lead (22)—(23) to a null
sum of two definite integrals of non positive functions. Therefore, since the integrand
in (22) takes values strictly negative (in a neighborhood of point 7* of Lemma 16), we

arrive to a contradiction. Consequently, it is not possible (as we had assumed) to find
a point t* € [0,t¢] so that ki (t*) # kao(t*).

Collecting the above reasonings, the following result is proved:

Theorem 20 Let Ty and Ty be, respectively, the solutions of problems

' gcp%—f — k(AT = aP' ()T in B x (0, %)
/ﬁ(t)g—i = h(T°(t) - T) on OB, x (0,t;)
| T=T, on Bp x {0}
and
( gcpz—f — ko(t)AT = aP' ()T in Bp x (0,t)
< kg(t)g—i = h(T"(t) - T) on OBy, x (0,t;)
| T =T, on Bg x {0},
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where k; € C*([0,t¢]) and k; > ko > 0 for i =1,2. Let us suppose (H1), (H2) and
Ti(R,t) = Ty(R,t) and Ti(ro,t) = Ta(ro,t) for some 7o € [0, R)

hold for all t € [0, ts].
Assuming k; are right locally analytic functions in [0, t¢),

153 - 2
/ ka(s)ds < 210" g (25)
0 4
and
/ kz<t) -
ki(t) < aﬁma tel0,t], i=1,2, (26)
then k?l = kQ.

Remark 21 The further the two measurements are (i.e., the closer to zero is rg) the
less restrictive is condition (25) on the a priori information on k and, therefore, the
uniqueness of the inverse problem solution can be guaranteed for a wider set of functions.

Remark 22 In the particular case where k is a constant, it is possible to prove the
uniqueness result of Theorem 20 without requiring any assumptions about the size or
growth of k (i.e. without requiring assumptions (25) and (26)).

5. Conclusions

The inverse problem considered in this work has an extra difficulty with respect to those
studied in other works found in the literature. We have a heat transfer system with a
Robin type boundary condition including the time dependent variable that we want
to identify. If one tries to reduce the problem to an operational problem, an abstract
parabolic equation would be obtained with a time dependent operator. This complicates
the obtention of an expression for the solution, either in integral or in series form. In the
works found in the literature for problems similar to this one (see Section 1) these kind
of expressions are fundamental when using the overdetermination condition in order to
solve the identification problem. That is why in the problem considered in this work we
need two overdetermination conditions, instead of one, to show the uniqueness property
in the identification problem considered.
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